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Abstract
Population dynamics on two sites of ecological ﬁelds are studied. Each site shows oscillatory dynamics with a heteroclinic cycle
or a limit cycle attractor, and populations migrate between two sites diffusively. In this system, frequency locking states with speciﬁc
ratios between the oscillations of two sites are observed. The selection of the ratios are explained with the symmetry of the phase
space. Other properties of the locking states as behaviors intrinsic to heteroclinic cycles are also discussed.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In models of ecological population dynamics, such as Lotka–Volterra equations or replicator systems, heteroclinic
cycle or network attractors frequently appear [1–3,8].A heteroclinic cycle is a structure in a phase space, it is constructed
with some saddle ﬁxed points and their cyclic connecting orbits (heteroclinic orbits). In a ecologicalmodel, the boundary
of the phase spacewhich is represented by a subset of species assembly (i.e., some species not participating the assembly
have zero population) is robust. Thus, a heteroclinic cycle in the boundary can also exist robustly and be an attracting
set. However, the existence of an attracting heteroclinic cycle means that the system approaches recursively and closer
to these saddle ﬁxed points at which some species have zero population. Hence, the populations of the species oscillate
from exponentially small number to the dominant order (see Fig. 1 bottom). Corresponding phenomena in real eco-
systems do not continue eternally, extinction are expected in ﬁnite times of access for the ﬁxed points [7]. Therefore,
situations corresponding to heteroclinic cycles are thought to be observed only as transient behaviors in this sense, thus
heteroclinic cycles are not important structures to discuss the long term behaviors of eco-systems, as far as applying
these models.
However, these standard models noted above do not have the spatial expanse, they correspond to the eco-systems
which can be applied to the mean ﬁeld approximation.When the concerning space is broad, population densities cannot
hold the uniformity, and spatial differences would arise. Besides, dynamics of a trajectory along with a heteroclinic
cycle is oscillatory, the spatial differences can grow to spatial patterns. In such cases, the existence of heteroclinic cycles
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Fig. 1. Top ﬁgure: schematic diagram of coupled replicator systems with four species. The phase space of the replicator system in each site is
boundary and interior of a tetrahedron, vertices of tetrahedron (closed circles) are saddle ﬁxed points and their connecting edges (bold lines) are
heteroclinic orbits. One replicator has a heteroclinic cycle attractor and the other has a limit cycle attractor in the vicinity of unstable heteroclinic
cycle. Bottom ﬁgure: time series of log x1 in each site at the decoupled condition (D=0). The replicator system with the limit cycle attractor (dashed
line) show a bounded amplitude and a bounded period. On the other hand, in the replicator system with the heteroclinic cycle attractor (solid line)
the period and the lowest value in each oscillation both diverge exponentially. In the normal scale the lowest value converges to zero.
in local dynamics brings only local extinction, and advections of populations provide extinct species to revolve local
dynamics constantly. In this way, systems with heteroclinic cycle attractors can exist stationary in model eco-systems.
Then, asking the importance of heteroclinic cycles becomes meaningful.
Here, we introduce multi site eco-system models in which some or all sites have local population dynamics with
heteroclinic cycle attractors, and search for the behaviors that are essentially connected with the existence of the
heteroclinic cycles. In our previous studies, we have shown the pattern dynamics intrinsic to heteroclinic cycles in a
two dimensional lattice of sites with identical heteroclinic cycles [5,6].
2. Models
In the present paper, we suppose two sites with different conditions, each of which has mean ﬁeld ecological systems
written by replicator equations and they are coupled diffusively. The constituting species of replicator equations are
same in two sites, parameters of replicator equations are chosen to be slightly different. Both sites have heteroclinic
cycles with the same structure, one of which is set to be an attractor and the other site has an unstable (saddle) hetero-
clinic cycle. The destabilization of a heteroclinic cycle by the change of parameters is called heteroclinic bifurcation
[3], which involves the birth of an attracting limit cycle from the heteroclinic cycle. Thus, the system we treat is a
kind of coupled oscillator systems in which a limit cycle oscillator and a heteroclinic cycle oscillator are coupled. A
schematic diagram of the systems and the behavior of each system in uncoupled state are shown in Fig. 1. In systemwith
the heteroclinic cycle attractor in uncoupled condition, the oscillation of each value shows exponential divergence in the
period and the lowest value of log x1 in each oscillation. Though in a coupled condition, the advection from
the autonomous oscillating site excites the site continuously, and it is prospective to acquire the oscillation with a
bounded period (Fig. 2).
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Fig. 2. Time series of log x1 in each site at a coupled condition (D = 10−7). Because of the coupling, the divergence in the site with heteroclinic
cycle attractor is suppressed, and a continuous oscillation is showed.
The equation for the system is as follows:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
dxhi
dt
= xhi
(
N−1∑
j=0
ahij x
h
j −
N−1∑
j,k=0
ahjkx
h
j x
h
k
)
+ D(xli − xhi ),
dxli
dt
= xli
(
N−1∑
j=0
alij x
l
j −
N−1∑
j,k=0
aljkx
l
j x
l
k
)
+ D(xhi − xli ),
i = 0, . . . , N − 1, (1)
where xhi and x
l
i represent abundance ratios of species i in the site with the heteroclinic cycle attractor and the limit
cycle attractor, respectively. D denotes the coupling constant and normal diffusive coupling are adopted here. The
parameters for the system with four species are chosen in a cyclic way,
(ahii , a
h
ii+1, a
h
ii+2, a
h
ii+3) = (0,−2.0,−1.0, 1.0),
(alii , a
l
ii+1, a
l
ii+2, a
l
ii+3) = (0,−1.0,−0.9, 2.0), i = 0, . . . , 3, (2)
where sufﬁxes aremodulo 4. In a replicator system, vertices (closed circles in Fig. 1 top) which represent states occupied
with one species are always ﬁxed points. With parameter (2), heteroclinic cycles of connecting the vertices in rotation
exist in both sites. In the site with xhi (site h), the heteroclinic cycle becomes an attractor, and in the site with xli (site
l), it is asymptotically unstable and a limit cycle attractor exist in the vicinity of it.
3. Numerical studies: speciﬁc rational locking
In the model with small coupling constants, frequency locking states with speciﬁc ratios of 139 ,
3
2 ,
11
7 ,
5
3 ,
9
5 , etc. are
observed (Fig. 3). They occur when the coupling constant is so small that the 1:1 locking (entrainment) state is not the
global attractor. The branches of locking states are overlapped to create hysteresis (Fig. 3). In the region where a speciﬁc
ratio locking occurs, for example the marked region in Fig. 4, the solutions undergo a sequence of period doubling
bifurcations to chaotic states with the change of coupling constants, though the locking relation in frequencies are held.
4. Locking state regulated by phase space symmetry
To explain the speciﬁc rational locking, symmetries of the phase space should be noted. Sincewe choose the parameter
matrix cyclic (2), the operation to shift the indices of species
j :
(
xhi
xli
)
→
(
xhi+j
xli+j
)
(i + j : mod 4) (3)
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Fig. 3. Frequency ratio between the site with the heteroclinic cycle attractor and the site with the limit cycle attractor (flim/fhet) with respect to the
coupling constant logD. The right ﬁgure is a blow up of a part of left one. The data are calculated by counting the rotation number in the simulations
after some transient time. Duration of calculation are taken to make the error smaller than 10−3. Initial conditions are chosen randomly from the
uniform distribution on the phase space. The right ﬁgure is a blow up of a part of the left one. Phase locking at speciﬁc ratios are observed. Some
states share regions of coupling constant to make hysteresis (see hatching region).
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Fig. 4. Bifurcation diagram of locking states. log xl2 at the time that x
h
0 is local maximum in time are plotted. Unlocking states show developed chaos.
Locking states are observed as windows, period doubling sequences to chaos are also observed. Noticing the marked region which corresponds to
11
7 and
3
2 locking states as an example.Around both ends of the region, either locking state is globally stable and simple periodic orbits are observed.
At the middle region at which locking states of two ratios are coexisting, period doubling bifurcations occur from both sides and chaos arises while
the locking with the ratios are held.
does not change the structure of the phase space. Therefore, the phase space is said to have Z 4 symmetry, and hence,
the set of attractors also has to hold the symmetry. More properly, there are two cases: an attractor has the symmetry
and the operation j transfer a point on the attractor to other phases of the attractor, or four (or two) attractors exist
and the operation j transfer between the attractors. In the case that one attractor has the symmetry, the structure of
phase space around it is rather simple compared with the case of coexisting attractors which divide the phase space as
their basins.
Taking up the attractor with 9:5 ratio as an example (see Fig. 5). While one fourth of the period passes in the locking
state (the system on the attractor), the replicator at the site h circles one and fourth laps along with the heteroclinic
cycle, and the replicator at site l circles two and fourth laps along with the limit cycle ( 95 = (2 + 14 )/(1 + 14 )). Here,
shifting the indices of species transfer the states to the starting states exactly. Thus, one fourth of the period forward
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Fig. 5. Schematic diagram of trajectory and shifting the indices of species (1) in both replicator systems at 95 locking state. Thin lines denote the
heteroclinic cycles (phase space boundary). While one fourth of the period passes (T/4), the replicator system with heteroclinic cycle attractor
circles one and one fourth laps, the replicator system with limit cycle attractor circles two and one fourth laps. There, the same relation with the start
state arise (change only in the indices of species).
Table 1
Locking ratios, symmetries and multiplicities of attractors
Ratio 95
10
6 (
5
3 )
11
7
12
8 (
3
2 )
13
9
14
10 (
7
5 )
Symmetry Z 4 Z 2 Z 4 – Z 4 Z 2
Multiplicity 1 2 1 4 1 2
state corresponds to the state that 1 is operated to the start point. Letting the time developing operator
 :
(
xhi (t0)
xli (t0)
)
→
(
xhi (t0 + )
xli (t0 + )
)
(4)
and T be the period,
1
(
xhi
xli
)
=T/4
(
xhi
xli
)
(5)
consists for states on the attractor. The series of emergent locking ratios, the symmetries which the locking attractors
have and the multiplicities of attractors with the same structures are arranged at Table 1. They are predicted with the
consideration of symmetry, and conﬁrmed with numerical simulations (cf. Fig. 3).
5. Locking states explained with the symmetry
The speciﬁc ratios that we focus on appear in the coupling range where the simple relations of 1:1 and 2:1 locking
states are not observed, instead the intermediate values between 1/1 and 2/1 are expected. Thismeansmore complicated
ratios which involve complicated attractors and phase space structures. At the same time the symmetry of the system
requires the same symmetry for the attractor or a set of attractors, the latter case also brings another combinatorial
complexity for basin structures. The observed locking states in Fig. 3 indicate rather simple phase space structures by
obtaining simple ratios (e.g., 32 ) or avoiding the multiplicity in attractors (e.g., 95 , 117 ).Attractors with more complicated
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Fig. 6. Frequency ratio between the site with heteroclinic cycle attractor and the site with limit cycle attractor (flim/fhet) for the replicator systems
with ﬁve species. Ratios of (n + 5)/n are observed.
structures are difﬁcult to hold isolated basin boundaries [4], simple attractors with the symmetry are inclined to be
chosen.
Testing for ﬁve species replicator systems with parameters
(ahii , a
h
ii+1, a
h
ii+2, a
h
ii+3, a
h
ii+4) = (0,−2.0,−0.5,−0.5, 1.0),
(alii , a
l
ii+1, a
l
ii+2, a
l
ii+3, a
l
ii+4) = (0,−1.0,−0.4,−0.4, 2.0), (6)
locking patterns with Z 5 symmetry are observed (Fig. 6).
Though the exact symmetry of the phase space is used in the analysis noted above, the result is applied to systems
which do not have the exact symmetry. This is because that the structures we discussed (limit cycles and their basin
boundary) is structurally stable. Indeed, four species systems, in which parameters are shifted 1% randomly from the
exactly symmetric case (2), are checked to have almost the same locking pattern. Therefore, the speciﬁcity of locking
ratio is concluded to be based on the symmetry of rough structures of heteroclinic cycles.
6. Discussion
In this paper, we analyzed the speciﬁc ratio locking states in oscillatory population dynamics by considering the
symmetry of the systems. The structure of heteroclinic cycle which exists on the boundary of phase space is hard to
skew with small variations of system parameters, the symmetry of the robust structure makes the speciﬁc ratio hold.
Here, we discuss relation between the existence of heteroclinic cycles and the locking states.
In our studies, a variety of stable locking states are shown by changing the coupling intensity. This diversity results
from the absence of characteristic time scales in a replicator system with a heteroclinic cycle attractor. Approaching
heteroclinic cycle means exponential growth in period (time scale), which is suppressed by the uniformly oscillating
system through coupling at the coupling states. This indeﬁniteness of the characteristic time scale allows the system to
show the variety of locking states, that is not observed in coupled normal oscillating systems.
Another speciﬁcity in systems constructed with heteroclinic cycles are the amplitude of coupling intensity. Though
other parameters in replicator equations is in the order of one, speciﬁc ratio lockings are observed when coupling
parameter very small, about O(10−5)–O(10−8). Considering as cooperative phenomena in coupled element systems,
intensive coupling on some measure originate cooperative states, in general. On the other hand, coupled heteroclinic
systems show peculiar cooperative phenomena with quite small coupling constant. This is because that the cooperative
phenomena occur from the balance between the diversity of oscillation periods and the coupling effect. If the state
of system is close enough to the heteroclinic cycle, there is a balancing closeness for arbitrary intensity of coupling.
This cooperative phenomena in small coupling regime be found in another coupled heteroclinic system [5,6], which is
thought to be intrinsic to collective systems consisting of heteroclinic cycles.
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